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1. Introduction:
Motivation

= Resonant capture reaction A(X,y)B
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Figure from D.D. Clayton “Principles of stellar evolution and nucleosynthesis”.



1. Introduction:
Motivation

= J.A. Shusterman et al., Nature 565, 328-330 (2019)

The surprisingly large neutron capture

cross-section of 8%Zr

Jennifer A. Shusterman'?3# Nicholas D. Scielzo!, Keenan I. Thomas!, Eric B. Norman*, Suzanne E. Lapi®, C. Shaun Loveless®,

Nickie J. Peters®, J. David Robertson®, Dawn A. Shaughnessy' & Anton P. Tonchev!
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1. Introduction:

otivation I: elastic p+12C scatterin

= Radiative proton capture reaction, 12C(p, y) 3N

(P.Y)
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v first reaction in the CNO cycle



1. Introduction:

Motivation Il: NN scattering

= Regularization
« To handle the divergences in

- loop integrals .
- Lippmann-Schwinger Equation ex) T =V + [~ dlVG,T, (plVIp") = Co

» Momentum cutoff regularization*-?) f0°° dl —>fOA dl = f0°° dl Ry(D)

* Nicely meets the EFT philosophy = separation of scales

v' But it often breaks the unitarity of systems !

= Relation between the EFT and R-matrix

« A: momentum cutoff (EFT)
* a: channel radius (R-matrix)

v" In this work, we study of relation between the EFT and the R-matrix.



1. Introduction:

Effective Field Theom

» EFT provides a general approach to calculate low-energy observables by
scale separation?)?)

= Key elements of an EFT
« Scale separation

— observables at typical momentum scale Q
— short-range physics at scale A, where A > Q
- Q/ N\~ expansion parameter

Low momentum region High momentum region

A
« Systematic expansion in Q/A:

- effective Lagrangian: ~
L= 2 v,i0vi  where 0, ; ~order of the (Q/A)Y
V,i

— a limited number of low-energy constants (LECs) enter at a given EFT order
— predict observables at Q-scale with controlled uncertainties at each order

[1] S. Weinberg, Nucl. Phys. B 363 (1991). 3. [2] S. Weinberg, Nucl. Phys. Phys. Lett. B 295 (1992). 114. 7



1. Introduction:

Effective Field Theom

= Low-energy constant (LECSs)

Low energy NN scattering

LEFT = N*ig,N — N*—N }‘N N)2 —@l\ﬁv NY(NFN)+he.+...

\ /

Low energy constant (LECs)

v Contain the information of high momentum dynamics

v' Fit to the experimental data



1. Introduction:

Effective Field Theom

= Low-energy Effective field theory (EFT)
Power Counting (Counting rule)V

Here T is some transition amplitude.

Q \(\W
T er=coef . 1+—+ cef?@
EFT A / “«\a" e

[1] S. Weinberg, Physica A 96, 327 (1979); Phys. Lett. B 91, 51 (1980). 9



1. Introduction:

Pionless EFT

= Pionless Effective Field Theory (EFT)
* Low-energy EFT — pion = Pionless EFT

— @ ~ small momentum scale in the system
- A~ pion mass (m;)

Low momentum region (Relevant) High momentum region (Irrelevant)

10



1. Introduction:

Halo/Cluster EFT

= Halo/Cluster Effective Field Theory(EFT) 1.2
» degree of freedom: core + valence nucleons

- Q ~ymSy
S,,: neutron separation energy

- A~ ymE; E: core excitation energy

* scale separation

- (@ K A - systematic expansion in observables

— Short-range effects are included in LECs.

[1] C.A. Bertulani, et al., Nucl. Phys. A 712 (2002) 37-58. [2] R.Higa, et al., Nucl. Phys. A 809 (2008) 171-188 11



1. Introduction:

Effective Range Expansion SEREZ

» LECs can be determined by effective range parameter.

Low energy NN scattering

Effective Range Parameters

k cots = _i + lr k2 + - a,: scattering length
a, 2 0 1y . effective range
0i5 2ik my _» fromEFT
S=e20 =14 =1+ik—T
€ kcotéd — ik l 21
1 41T [ 1 V% ]
<ERE> iT( So) — <EET> lT( So) — —
m m 41T .
— — ik
my Co
Co:4—ﬂao
My

v' LEC can be determined by effective range parameter

[1] H.A. Bethe, Phys. Rev. 76, 38 (1949). [2] R.Machleidt, Phys. Rev. C 63, 024001 (2001). 12
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2. Cluster EFT for elastic p+'°C scattering

Power Counting

= Separation of scales!2): Energy E,(keV)
« small momentum scale of the system fg?v (keV)
v 6364 4420

Q~+/2uE,~ 30,60 MeV

« large momentum scale of the system
A~,J2uE;~90 MeV, where A > Q 2 4440

E; = 4.439 MeV
1734
. , 1 1 1686
* expansion parameter in Q/A ~ - or -
457

13N 10.0 min

[1] C.A. Bertulani, et al., Nucl. Phys. A 712 (2002) 37-58. [2] R.Higa, et al., Nucl. Phys. A 809 (2008) 171-188 14



2. Cluster EFT for elastic p+'°C scattering
Lagrangian, Scattering amplitudes

t N ; pz \"
+3- +dx Ay +Zn=ovn,x (lDt + ) dy

2

2Meot

2
)'p+cT (iDt+ = )c+Z
x=

2me

| —_ 1- 1 b
L=p (lDt+2mp
_Z 1+ 3- st Yx ld;cl- [pHC] + h. C.] 1.2)

¥=3 2 2 V. x

where p is the proton field with mass m,,, c is the 1%C field with mass m,,

d, are the dicluster field with mass m;;,

D, is a covariant derivative, N is 1 for s-, p- waves and 2 for d-waves,

A, are mass difference, v, , = £1

gy are coupling constants when the dicluster field breaks up into a proton and a core,

3

. -
[p?C]E‘Zstrmlcz 1 (p?c) with p(;)c:p(

mCV—mpV>
> 1ml,5mS

Mtot

» elastic scattering amplitude for [ = 0, 1, 2 channels

NP | b TE KK =‘+‘
N

well known to be calculated

T (E): Coulomb scattering amplitude
Tsc(E): Coulomb-modified strong scattering amplitude

[1] R.Higa, et al., Nucl. Phys. A 809, 171 (2008) [2] P.F. Bedaque, et al., Phys. Lett. B 569, 159 (2003) 15



2. Cluster EFT for elastic p+'°C scattering
Results: differential cross sections
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2. Cluster EFT for elastic p+'°C scattering
Results: phase shifts

= Phase shifts by the obtained parameters Energy E/(keV)
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2. Cluster EFT for elastic p+'°C scattering

Summag

Differential cross section of the elastic 12C(p, p)!'C scattering was calculated by using
cluster effective field theory.

+
The three resonance states (J; = %

37 5t .
5 05 ) of 3N were considered.

We obtained the effective range parameters for elastic 12C(p, p)%C scattering.

Comparing the results calculated at leading order (LO) and next-to-leading order (NLO),
we described the elastic >C(p, p)1%C scattering systematically.

Future work

« 12C(p,y):3N reaction

(1) Calculate radiative capture amplitude by using Cluster EFT
(2) Obtain differential cross section — total cross section

v' Reaction rates N, < ov > at the characteristic stellar temperatures T
1

N _(8\2 N, (® E\,
< ov>= n_u (kT)3/2j0 o(E)E exp T E

v’ S-factor
S(E) = Eexp(2mn) 6 40¢(E)

18
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3.1 Role of unitarity in EFT descriptions
Motivation

= Regularization
« To handle the divergence in

- loop integrals .
- Lippmann-Schwinger Equation ex) T =V + [~ dlVG,T, (plVIp") = Co

» Momentum cutoff regularization*-?) fooo dl —>f(f\dl = fooo dl RA(D)

* Nicely meets the EFT philosophy = separation of scales
v But it often breaks the unitarity of systems !

= Unitarity

« Conservation of probability density

« STS=1, S:S-matrix

« If unitarity is violated, STS = 1

=  QOur work
« np 1§, scattering « Methods
* Regulators - Unitarity-violating - EFT with only nucleons

- Unitarity-preserving - Dibaryon field
« Aim: To understand the phenomenological role of unitarity in EFT descriptions

[1] S.R. Beane et al., Nucl. Phys. A 632, 445 (1998). [2] D.R. Phillips et al., Ann. Phy. 263, 255 (1998) 20



3.1 Role of unitarity in EFT descriptions
EFT with only nucleons

= £=Nt (zat ) [CO N’rN) +- CZ(NTVZN)(NTN)+ ]+hc1)

— p)_E >< >< G G 4 )

= Lippmann-Schwinger Equation

- T, pE)=V(@,p)+ [ V(p ) —T(L,p; E) Ry(D)

(2m)3 EM- 12

RA(l): regulator with a momentum cutoff A

* Momentum cutoff regularization of loop calculation

[Pdl > [dl= [T dLRy(D)

[1] S.R. Beane et al., Nucl. Phys. A 632, 445 (1998). 21



3.1 Role of unitarity in EFT descriptions

EFT with onlx nucleons

» The np 'S, phase shifts:

k = VME : on-shell momentum

keots = — %L 771
O T M TR E)

47T (1 -+ ]/0C2)2
M \Co + 2C,k? — CZ(y; — vok?)

) + Ja(k) + ik (1 — Rp(k))

o d3[

2 00 12
]A(k) = ;Pfo dl RA(l)ml Yn = Mfo (2m)3 RA(l)ln (Tl = 071)

= |If Ry(k) # 1, kcotS: complex — &: complex, STS # 1 (- S = e?%9)

That is, unitarity is preserved if and only if Ry(k) = 1!

22



3.1 Role of unitarity in EFT descriptions

Regulators

Unitarity Regulator, R, (1)
Lo

Unitarity-violating

Unitarity-preserving

(G: gaussian form, EG: energy-dependent gaussian form, SC

e A?
Ry(k) # 1
l4—
e A*
_(12_k2)
e A?
lz_kz 2
Ra() = 1 %)

(A=D1 ink <A

Name

G2

G4

EG2

EG4

SC
: sharp cutoff)



3.1 Role of unitarity in EFT descriptions
Results: EFT with onlx nucleons

» The np 'S, phase shifts:

« Comparison of 6., with 8y, , |5th — 5exp|

10° 5 : . : . . ;
] (@) A=100 MeV -
]—scC .-
{- - G2 -7
. 1] G4 . et _vi ]
%10 o EG2 Umta’rl\t_lyl violating—__. - .
wo® -..-EG4 : gt
s ghRtls
£ 1074 E
/
, Unitarity-preserving
10°4  / ;
0 20 40 60 80 100
k [MeV]

10° 5

1- - G2

. G4

- -EG2
1-..-EG4

(b) A =200 MeV

Unitarity-viotatif; gt

Unitarity-preserving

40 60
k [MeV]

= unitarity-preserving regulators(EG2, EG4, SC): better agreement

80

100
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3.1 Role of unitarity in EFT descriptions
Dibaryon field

2
. L=NT(i6t+ )N—DT(iat+‘7——Am)D—(QDTNN+h.c)+---.1>
4M 2

72
2M

« Scattering amplitude

* Dressed di-baryon propagator

e (e

—I - 2
with P#= (P°,P), E = P® — 2~
4M

iSp(P) =

p2

0 __
P —am

— Am +11,(P) + ie

» Self-energy

d®l g2 Mg? .
[ (P) = Ry(1 = — —Ja(k k R,(k
t<>=.: 0 ()= [ s v A ALY

kZ
Mg?

4
= Results kcotaz__”<_

M

Am )
+ ?> + Ja(k) + ik (1 — Ry (k))
2

2 (00)
=—-P R
Ja(k) - fo dl R(1) %2 _ 2
[1] D.B. Kaplan et al., Nucl. Phys. B 478, 629 (1996). 25



3.1 Role of unitarity in EFT descriptions

Results: Dibagon field

» The np 'S, phase shifts:

« Comparison of 6., with 8y, , |5th — 5exp|

10° —
] @) A =100 MeV

6 T 20 | 4|0 | ”6|0
k [MeV]

= unitarity-preserving regulators(EG2, EG4, SC): better agreement

10° 5

- -EG2

(b) A =200 MeV

1--G2

. G4

Unitarity-vielating ... " ]

] ----EG4 ; ]
2 /‘[ Tmm T T~

k [MeV]

100
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3.2 Relation between EFT and R-matrix
R-matrix

»  R-matrix12:3)
« Main idea?: to divide the space into 2 regions (channel radius a)

We(r) “

Internal (r < a): Nuclear + Coulomb interactions
External (r > a): Only Coulomb

d

PE——

r

v

internal 5 external region

. _» matching condition au{"t']rza_
\ MﬁAAAA“““
V V'V

a channel radius

R-matrix parameters have dependence on channel radius.

R-function
Yava
Rl =
E, — F
= L2
E;: resonance energy
hZ
Yi= 2pa u,(a)

reduced-width amplitude
* R-matrix
YACYAC

R
E,—E

cc' —

[1] E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). [2] P.L. Kapur and R. Peierls, Proc. Roy. Soc. A 166, 277-295 (1938).

[3] A.

M. Lane and R. G. Thomas, Rev. Mod. Phys. 30, 257-353 (1958).



3.2 Relation between EFT and R-matrix

R-matrix, ERE and EFT

T.Teichmann?d showed the possibility to find the connection between R-matrix and ERE.
The relation between the ERE and the R-matrix theory by G.M.Hale?.
» np elastic scattering in the 1S, channel

channel radius dependence of the R-matrix parameters I, E,.
effective range parameters in ERE a,,

R-matrix Effective Field Theory (EFT)

Relation between a, from the R-matrix and A, from the EFT

* a,: lower bound of the channel radius
* A, upper bound of the momentum cutoff

[1] T.Teichmann, Phys. Rev. 83, 141 (1951)

[2] G.M. Hale, Phys.Rev.C 89, 014623 (2014) 28



3.2 Relation between EFT and R-matrix
Scattering amplitude in R-matrix
» General expression for single-level and single-channel cases, R-matrix/R-function

2
R,(E:a) = Yia“(a) where a is the channel radius,
L Ey(a) — E Vi is the reduced-width amplitudes

w, " (E,r)1 = (L, — B)*R,(E; a)
Wl(+)(E, r) 1= (L —B)R(E;a)

= The scattering matrix U; U, = e?%F) = [

r=a

where wl(” (E,r) and Wz(_) (E,r) are the outgoing and ingoing Coulomb waves,

L = [T Wf”(E,r)/drl I = IT' Wl(_)(E,T)/dr
| = [r = 4 =
r=a

wl(+)(E,r) L Wl(_)(E,r)
k = ./2uE /h is the wave number in the center of mass,
u the reduced mass of the scattering pair, and Ej; the energy eigenvalues.

l , B; is the arbitrary boundary constant,
r=a

= let us define g2 = ay3

h2k? 2 25 1
. . E, — 21 +kgRtanka+gRBla
= The scattering amplitude kcoté;(E) = T
2—<E _M>lt ka — ZBit k
gr 2~ ) ptanka - gzBiptanka
hZ
3ags — 393 | a’E) +5— | — a3E;
Ej 2p
=— > > k% + ...
gr — ak; 3(gr — aky)

29



3.2 Relation between EFT and R-matrix

R-matrix and EFT

= A spin-singlet 'S, channel of np scattering
= Relation between the EFT and R-matrix

» Effective Field Theory (EFT)

AT k? Am _
kcotd = —ﬁ _Mgz + ? +]A(k) + lk(]. - RA(k))

R-matrix
21,2 hz
Ejy — f‘z_k + kg tan ka E, 3agk — 39k <a2EA + ﬂ) — a3E,
kcotd = a T =— + =2 — I2
.9122 - (Ez — W)gtan ka 9R™ ak; (g — aky)

= Relation between the EFT and R-matrix

I7 Am =a—-— where J,(0) ~ A A~ —

30



3.2 Relation between EFT and R-matrix
Critical values of channel radius in R-matrix

= A spin-singlet 'S, channel of np scattering

=  R-matrix , = ERE
h
3agR—3gR<a Ej+ ) a3E;
__Ex 2u 2 1 .1
® kCOt6 E - k + e L = —_—— _ 2
() = = giar))’ kcotd = ——+ 1ok +

* ag=(—23.740 £ 0.020) fm, ry= (2.77 £ 0.05) fm

= Relation between R-matrix parameters and ERE parameters?

72 rea @’ -1 a, ~ 1.3 fm
Ey(a — (ap—a)|————aayg(ayg —a 151
2(a) = ,u( 0 )[ 5 3 o(ao )] (@ K
—_—
h? roa? ¢
2 2 ['0™0 = o
a)=——\\adyp— a ————aa adngp — a —
gr(a) ZM( 0 ) > o(ag )] E
710,
715,
at Ieast, one pOle 000 025 050 075 100 125 150 175 2.00
a [fin]
l 3001
_ 31‘0 2001 (b)
ap(ao;ro) =ap—ap(1- Z—ao E 100-
r;,,5—100—
—200
—300

000 025 050 075 100 125 150 175 2.00
a [fim]

[1] G.M. Hale, Phys.Rev.C 89, 014623 (2014) 31



3.2 Relation between EFT and R-matrix
Critical values of momentum cutoff in EFT

= For 'S, channel of np scattering, we determine the values of the LECs (Am, g2).

« experimental values
ag = (—23.740 £ 0.020) fm, ry= (2.77 £ 0.05) fm

« Effective Field Theory (EFT) « ERE
keots = — AT (_ K2 Am k) + ik k k cotS = —— + 2rok? +
coto = —-r _Mg2+? +Ja(k) + ik (1 — Ry (k) coto = ag 20

-1
Mg* 2
an =M(r° aszA(k) )
k=0
Ap(ro; RY) = Oakz Jn(K?)

Mg? (1 k?=0
Am = — 4+ JA
m e <a0+] (0))

o !
where JA (k) = %Pfo dl R(l)m

32



3.2 Relation between EFT and R-matrix
Relation between two critical values

= A spin-singlet 'S, channel of np scattering

* R-matrix . « EFT
315 \3 A A 0
a,(ag, 1) =ag—ag|1—=— Ay (ag, 19; RY) = —== /5 (k?)
P( 0 0) 0 0( 2a0> P( 0,10 ) To k2 -
= The behavior of the 4, and a,, in accordance with varying a,, r, Ay ~ —
Ap
(a) SC
800 T T T T T T ! T | T T T T | 3 T T ! 800 T T T T
I ag = +1000 fm ----- | | I
- ag = +50.0 fm ----- B -
i ag =+23.7fm ----- ] i
600 | “ap =-23.7 fm —— || 600
ag = -50.0fm — | |
i~ ag = -1000 fm —— [ {
U ; [V}
= 400 = 400
[= a
< <

200 | 200 |
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3.2 Relation between EFT and R-matrix

Relation between two critical values

= A spin-singlet 'S, channel of np scattering

1
>§> P(ao,ro; RA) S a?}lin

ap QAo

P(ag,mo; RY) =aph, =C <— — —(1

To To

379

2a,

= The behavior of the P(ay,7o; R*) in accordance with varying a, /7,

5

(a)
4

|||||

0—... Lol

-30 -20

(%))

Apoc—.

1o

- (b)

aog/ro~ 1.3 4
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3.2 Relation between EFT and R-matrix

Summag

» The R-matrix, which is one of the methods to describe the resonance in nuclei,
determines the resonance parameters (energy eigenvalues of levels and reduced-width)
based on experimental data.

= The resonance parameters show dependence on the channel radius, which is the
boundary to divide the configuration space into two region: internal and external regions.

= |n EFT, LECs have a dependence on momentum cutoff A.

= For the first, we found the relation between two critical values (a,,A,) of the channel
radius a in R-matrix and momentum cutoff A in EFT.

= As aresults, we can see the possibility to give constraint of these two arbitrary values.

=  Future work

« Explore to other reactions such as elastic p+12C scattering

35
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